Abstract. We prove that for any free ergodic nonsingular nonamenable action Γ (X, µ) of all Γ in a large class of groups including all hyperbolic groups, the associated group measure space factor L ∞ (X) ⋊ Γ has L ∞ (X) as its unique Cartan subalgebra, up to unitary conjugacy. This generalizes the probability measure preserving case that was established in [PV12] . We also prove primeness and indecomposability results for such crossed products, for the corresponding orbit equivalence relations and for arbitrary amalgamated free products M1 * B M2 over a subalgebra B of type I.
Introduction and main results
A Cartan subalgebra in a (separable) factor M is a maximal abelian * -subalgebra A ⊂ M such that there exists a normal faithful conditional expectation E : M → A and such that the normalizer N M (A) = {u ∈ U (M ) | uAu * = A} generates M .
The presence of a Cartan subalgebra in a factor M amounts to decomposing M = L Ω (R) as the von Neumann algebra associated with a countable ergodic nonsingular equivalence relation R on a standard measure space and a scalar 2-cocycle Ω on R (see [FM75] ). In particular, L ∞ (X) is a Cartan subalgebra in the group measure space construction L ∞ (X) ⋊ Γ whenever Γ (X, µ) is a free ergodic nonsingular action. The classification problem of group measure space factors therefore splits into two different questions: uniqueness of the Cartan subalgebra and classification of orbit equivalence relations. We focus on the first of the above questions and prove the uniqueness of Cartan subalgebras in a family of type III factors.
Since [CFW81, CJ81] , it is known that two Cartan subalgebras in an amenable factor are always conjugate by an automorphism, but that this can fail in nonamenable factors. The first uniqueness results in the nonamenable case were obtained in [Po01] , where it is shown that rigid Cartan subalgebras of an arbitrary type II 1 crossed product L ∞ (X) ⋊ F n with the free group on 2 ≤ n ≤ ∞ generators, must be unitarily conjugate to L ∞ (X). The paper [Po01] moreover introduced a whole arsenal of new methods to study the structure of II 1 factors and was the starting point of Popa's deformation/rigidity theory (see [Po06c, Va10a] for surveys).
The results in [Po01] led to the conjecture that all crossed products L ∞ (X)⋊ F n by free ergodic probability measure preserving (pmp) actions of the free group could have a unique Cartan subalgebra up to unitary conjugacy. For profinite actions F n (X, µ), it was shown in [OP07] that this is indeed the case, providing in particular the first II 1 factors with a unique Cartan subalgebra up to unitary conjugacy. The key points of [OP07] were the weak compactness for arbitrary Cartan subalgebras of II 1 factors with the complete metric approximation property, and the malleable deformation of [Po06b] for arbitrary crossed products by the free group.
In the period 2008-2011, the uniqueness of the Cartan subalgebra in a crossed product L ∞ (X)⋊ Γ by a profinite free ergodic pmp action Γ (X, µ) was shown for more and more groups Γ, by using weaker and weaker forms of deformation for Γ. The article [OP08] covered groups Γ with the complete metric approximation property and a proper 1-cocycle into a nonamenable representation, by using the deformation of [Pe06] associated with a densely defined derivation. In [Oz10] , it was shown that in order to prove weak compactness of Cartan subalgebras, the complete metric approximation property may be replaced by weak amenability in the sense of [CH88] . Then, in [CS11] , a weak type of malleable deformation could be constructed from a map c : Γ → K that only coarsely satisfies the 1-cocycle relation with respect to a unitary representation π : Γ → U (K), in the sense that sup k∈Γ c(gkh)−π(g)c(k) < ∞ for all g, h ∈ Γ. Following [CS11] , Γ is said to belong to the class QH reg if c can be chosen proper and into a representation π that is weakly contained in the regular representation. So more precisely, [CS11] showed that L ∞ (X) ⋊ Γ has a unique Cartan subalgebra up to unitary conjugacy for all profinite free ergodic pmp actions of all nonamenable, weakly amenable groups Γ in the class QH reg . Because of [Oz07] , this covers all nonelementary hyperbolic groups. This result was then extended in [CSU11] to cover as well direct products of nonamenable, weakly amenable group Γ in the class QH reg .
In [PV11] , the above conjecture was entirely solved and it was proven that for arbitrary free ergodic pmp actions of the free group F n , the II 1 factor L ∞ (X) ⋊ F n has a unique Cartan subalgebra up to unitary conjugacy. In the terminology of [PV11] , this means that the free group F n , 2 ≤ n ≤ ∞, is C-rigid. More precisely, C-rigidity was shown in [PV11] for all weakly amenable groups that admit a proper 1-cocycle into a nonamenable representation. The key point of [PV11] was to prove that Cartan subalgebras of arbitrary crossed products L ∞ (X) ⋊ Γ by weakly amenable groups Γ satisfy a relative (w.r.t. L ∞ (X)) weak compactness property. In the followup paper [PV12] , also nonamenable weakly amenable groups in the class QH reg , and their direct products, were shown to be C-rigid.
All the results stated so far focused on probability measure preserving actions. The following is our main result, proving the uniqueness of the Cartan subalgebra for arbitrary nonsingular actions of weakly amenable groups in the class QH reg . As such, we obtain in particular the first type III factors with a unique Cartan subalgebra. Note that the class of weakly amenable groups in QH reg contains all hyperbolic groups, all lattices in a connected noncompact rank one simple Lie group with finite center, and all limit groups in the sense of Sela (see [PV12, Lemma 2.4 
]).
Theorem A. Let Γ 1 , . . . , Γ n be weakly amenable groups in the class QH reg and put Γ = Γ 1 × · · · × Γ n . Let Γ (X, µ) be any free ergodic nonsingular action on the standard measure space (X, µ). Denote by M = L ∞ (X) ⋊ Γ the group measure space factor. Then at least one of the following statements holds.
• There exists an i ∈ {1, . . . , n} such that L ∞ (X) ⋊ Γ i is amenable.
• L ∞ (X) is the unique Cartan subalgebra of M up to unitary conjugacy.
For probability measure preserving actions, the amenability of L ∞ (X) ⋊ Γ i is equivalent with the amenability of the group Γ i . For general nonsingular free actions, this is no longer the case. Then, the amenability of L ∞ (X) ⋊ Γ i is equivalent with the amenability of the action Γ i (X, µ) in the sense of Zimmer, see [Zi76, Theorem 2.4 ].
The proof of Theorem A relies heavily on the results in [PV12] . Given a Cartan subalgebra A ⊂ M = L ∞ (X) ⋊ Γ, we apply the modular theory of Tomita, Takesaki and Connes to finally obtain a tracial situation where the key Theorem 3.1 of [PV12] can be applied. In order to descend back to the initial factor M , we then need a type III version of Popa's intertwiningby-bimodules theorem in [Po01] (see Theorem 2.5).
With the following explicit examples of nonsingular actions of the free group F 2 , we obtain factors with unique Cartan subalgebra, having any possible type and any possible flow of weights in the type III 0 case. Corollary B. Let Γ = F 2 be the free group with two free generators a, b ∈ Γ. Denote by π : Γ → Z the group homomorphism given by π(a) = 1 and π(b) = 0. Choose a free probability measure preserving action Γ (X, µ) such that Ker π acts ergodically (e.g. a Bernoulli action of Γ). Choose an arbitrary free ergodic nonsingular action Z (Y, η) on a nonatomic standard measure space. Define the action Γ X × Y given by g · (x, y) = (g · x, π(g) · y).
Then M is a factor and L ∞ (X × Y ) ⊂ M is the unique Cartan subalgebra of M up to unitary conjugacy. The factor M has the same type and the same flow of weights as the amenable factor L ∞ (Y ) ⋊ Z.
Related to the existence and uniqueness problem for Cartan subalgebras are other (in)decomposability phenomena for von Neumann algebras. The second part of the paper focuses on tensor product decompositions of factors and primeness. A factor M is called prime if M cannot be written as the tensor product of two non type I factors.
In [Ge96] , as an application of Voiculescu's free entropy theory, the free group factors were shown to be prime. It was proven in [Oz03] that for all groups Γ in his class S, and thus in particular for all hyperbolic groups, the associated group von Neumann algebra LΓ is solid, meaning that A ′ ∩ LΓ is amenable whenever A ⊂ LΓ is a diffuse subalgebra. Note that nonamenable solid II 1 factors are obviously prime. We also mention here that a group belongs to class S if and only if it is exact and belongs to the above class QH reg of [CS11] (see e.g.
In [Oz04] , it was proven that an arbitrary crossed product M = L ∞ (X)⋊Γ of a group Γ in class S and a probability measure preserving action Γ (X, µ), is semisolid, meaning that P ′ ∩ M is amenable whenever P ⊂ M is a von Neumann subalgebra of type II 1 . In particular, every orbit equivalence relation R(Γ X) associated with a free pmp action of a group in class S, is indecomposable, meaning that it cannot be written as a direct product of two equivalence relations of type II 1 . This last result had been proven before for hyperbolic groups Γ in [Ad92] . We extend these results to nonsingular actions. Before giving precise formulations, we introduce some terminology.
For a (possibly nonunital) von Neumann subalgebra P ⊂ M , we denote by 1 P the unit of P , which is a nonzero projection of M . We say that the von Neumann subalgebra P ⊂ 1 P M 1 P is with expectation if there exists a faithful normal conditional expectation E P : 1 P M 1 P → P . We also use Popa's notion of intertwining-by-bimodules, denoted by , see Section 2.3.
Theorem C. Let Γ be any exact group in the class QH reg and Γ (X, µ) any nonsingular action on a standard measure space. Denote by M = L ∞ (X) ⋊ Γ the group measure space von Neumann algebra. Let e ∈ M be a projection and P ⊂ eM e any von Neumann subalgebra with expectation. Then at least one of the following holds:
• There exists a nonzero projection p ∈ P such that pP p M L ∞ (X).
• The relative commutant P ′ ∩ eM e is amenable.
In particular, any nonamenable subfactor Q ⊂ eM e with expectation is prime.
For probability measure preserving actions, Theorem C had already been proven in [Oz04, Theorem 4.6] and [CS11, Theorem 3.2]. An independent proof for the general case of nonsingular actions was given in [Is12] .
Following [Ad92, Definition 2.1], a nonsingular countable equivalence relation R on a standard measure space (X, µ) is called
• recurrent if for every Borel subset W ⊂ X with µ(W) > 0, and for µ-almost every x ∈ W, the intersection W ∩ {y : (x, y) ∈ R} is infinite. This is equivalent to saying that the von Neumann algebra L(R) of the equivalence relation R has no type I direct summand [FM75] .
• decomposable if R splits as a direct product S 1 ×S 2 of recurrent nonsingular equivalence relations.
The following result is an equivalence relation version of Theorem C.
Theorem D. Let Γ be any group in the class QH reg and Γ (X, µ) any free nonsingular action on a standard measure space. Let V ⊂ X be a non-negligible subset. Every nonamenable recurrent subequivalence relation of R(Γ X) |V is indecomposable.
The special case of Theorem D where Γ is a hyperbolic group and where one only considers the entire orbit equivalence relation R(Γ X), rather than arbitrary recurrent subequivalence relations, was obtained in [Ad92, Theorem 6.1]. For exact groups in the class QH reg , Theorem D is an immediate corollary of Theorem C. Since it is not clear whether there even exist nonexact groups in the class QH reg , it might seem not so interesting to make the effort to prove Theorem D in its full generality. But as we will see, the proof of Theorem C uses the very deep fact that exact C * -algebras are locally reflexive. The main reason to give a direct proof for Theorem D precisely is to avoid the use of local reflexivity.
Another source of prime von Neumann algebras is given by (amalgamated) free products. In [Oz04] , it was shown that the free product M = M 1 * M 2 of finite factors M i containing a dense exact C * -subalgebra, is always prime, unless
In [IPP05] , a systematic Bass-Serre theory for amalgamated free products M = M 1 * B M 2 of finite von Neumann algebras, was developed. In particular, [IPP05] introduced a malleable deformation (in the sense of [Po03, Po06c] ) for such an amalgamated free product. A combination of this malleable deformation and the spectral gap rigidity methods of [Po06a, Po06b] , then lead in [CH08] to a general primeness result for amalgamated free product von Neumann algebras M = M 1 * B M 2 over a type I subalgebra B.
In [CH08] , the von Neumann algebras M i need no longer be tracial. More precisely, [CH08, Theorem 5.2] states that whenever an amalgamated free product M = M 1 * B M 2 with B of type I is a nonamenable factor and if M 1 = B = M 2 , then M must be prime. It was however overlooked in [CH08] that for general inclusions B ⊂ M i , the condition M 1 = B = M 2 is too weak to avoid "trivialities" in which a corner of M equals a corner of one of the M i 's. We settle this technical issue here. Moreover our stronger assumption on B ⊂ M i automatically implies that M is a nonamenable factor.
We say that an inclusion A ⊂ P has a trivial corner if there exists a nonzero projection p ∈ A ′ ∩ P such that Ap = pP p. We obtain the following general result.
Theorem E. For i = 1, 2, let B ⊂ M i be an inclusion of von Neumann algebras with separable predual. Assume that for all i = 1, 2, the inclusion B ⊂ M i is without trivial corner and with expectation. Assume that B is a type I von Neumann algebra and that M ′ 1 ∩ M ′ 2 ∩ B = C. Then the amalgamated free product M 1 * B M 2 is a nonamenable prime factor.
Theorem E says in particular that an amalgamated free product M 1 * B M 2 over a type I von Neumann algebra B and inclusions B ⊂ M i without trivial corner, is always a factor. This generalizes earlier factoriality results of Ueda (see [Ue98, Ue02, Ue00] ). Very recently, in [Ue12, Theorem 4.3], Ueda independently established a more general factoriality theorem for amalgamated free products. For details, we refer to the discussion preceding Theorem 5.8.
Recall that for an inclusion of countable discrete groups Σ < H and an injective group homomorphism θ : Σ → H, the HNN extension HNN(Σ, H, θ) is the group generated by a copy of H and an extra letter t (called the stable letter), such that tσt −1 = θ(σ), for all σ ∈ Σ.
Corollary F. Let Γ (X, µ) be a nonsingular free ergodic action of a countable discrete group on a standard measure space. Assume that one of the following holds.
(1) Γ = Γ 1 * Σ Γ 2 with Σ a finite group and Γ i (X, µ) a recurrent action for i = 1, 2. (2) Γ = HNN(Σ, H, θ) with Σ a finite group and H (X, µ) a recurrent action.
Then L ∞ (X) ⋊ Γ is a nonamenable prime factor and the orbit equivalence relation R(Γ X) is indecomposable.
Both in Theorem C and Theorem D, one needs to assume the nonamenability of the crossed product or equivalence relation before concluding primeness or indecomposability. This assumption is crucial since also nonamenable groups admit amenable nonsingular actions. As we will see in the proof of Corollary F, the recurrence of Γ i X, resp. H X, in the hypotheses of Corollary F ensures a priori that the action Γ X is nonamenable.
Preliminaries
As explained above, a von Neumann subalgebra N ⊂ M is said to be with expectation, if there exists a normal faithful conditional expectation E : M → N .
2.1. Weakly amenable groups in the class QH reg .
Definition ([CS11])
. A countably infinite group Γ belongs to the class QH reg if Γ admits a unitary representation π : Γ → U (H) that is weakly contained in the regular representation and a proper map c :
Chifan-Sinclair's class QH reg is closely related to Ozawa's class S [Oz04] . Recall from [Oz04, Section 4] that a countably infinite group Γ belongs to the class S if the left-right translation action of Γ × Γ on the Stone-Cech boundary ∂ β Γ is topologically amenable. Thus, a group in the class S is necessarily exact. As observed by Ozawa, the class of exact groups in QH reg coincides with the class S (see [CS11, CSU11] , as well as [PV12, Proposition 2.7]). So,
Recall from [CH88] that a countable group Γ is weakly amenable if there exists a sequence of finitely supported functions ϕ n : Γ → C such that ϕ n → 1 pointwise and such that the maps u g → ϕ n (g)u g extend linearly to completely bounded maps m ϕn : L(Γ) → L(Γ) with sup n m ϕn cb < ∞. A weakly amenable group is necessarily exact.
If z = 0, we apply the previous paragraph to Mz, pz and Bz, and contradict the maximality of the family (z j ) j∈J . So, j∈J z j = 1.
Choose finite trace projections q j ∈ Bz j such that pz j q j . Put q = j∈J q j . By construction, we have p q. Because Z(M) ⊂ B, we also have that q ∈ B. Since the central portions qz j = q j of q are finite, it follows that q is a finite projection in B. So qMq is a finite von Neumann algebra with maximal abelian von Neumann subalgebra Bq. By [BO08, Corollary F.8], every projection in qMq is equivalent with a projection in Bq. So also p is equivalent with a projection in Bq ⊂ B.
Lemma 2.2. Let P be a von Neumann algebra and B ⊂ P an abelian subalgebra with expectation.
(1) If P is of type I, there exists a family of projections p i ∈ B ′ ∩ P such that i p i = 1 and such that every p i is an abelian projection in P . (2) If p ∈ P is an abelian projection and B ⊂ P is maximal abelian, there exists a partial isometry v ∈ P such that v * v = p, vv * ∈ B and vP v * = Bvv * .
Proof.
(1) Let (p i ) be a maximal orthogonal family of projections in B ′ ∩ P that are abelian as projections in P . Put q = 1 − i p i and assume that q = 0. Replacing B by Bq and replacing P by qP q, we actually only have to prove that B ′ ∩ P contains a nonzero projection p that is abelian in P .
Choose a normal state τ on B and choose a faithful normal conditional expectation E : P → B.
Denote by e ∈ B the support projection of τ . Define the faithful normal state ϕ on eP e given by ϕ = τ • E. Choose a faithful normal semifinite trace Tr on P . Take ∆ ∈ L 1 (eP e) + such that ϕ(x) = Tr(∆x) for all x ∈ eP e. Since ϕ(xb) = ϕ(bx) for all x ∈ eP e and all b ∈ Be, it follows that ∆ is affiliated with (B ′ ∩ P )e. Take ε > 0 small enough such that r := 1 [ε,+∞) (∆) is nonzero. So, r is a nonzero projection in B ′ ∩ P . Since Tr(∆) = ϕ(e) = 1, we also get that Tr(r) < +∞. So, the von Neumann algebra rP r is of finite type I and Br ⊂ rP r is an abelian subalgebra. Choose Br ⊂ D ⊂ rP r such that D ⊂ rP r is maximal abelian. Since rP r is of type I, it contains a nonzero abelian projection f . Since rP r is finite and D ⊂ rP r is maximal abelian, it follows from [BO08, Corollary F.8] that f is equivalent with a projection p in D. Then also p is an abelian projection. Since D ⊂ B ′ ∩ P , we have found the required abelian projection in B ′ ∩ P .
(2) Fix an abelian projection p ∈ P . Denote by z ∈ Z(P ) the central support of p. Replacing P by P z and B by Bz, we may assume that P is of type I and that the central support of p equals 1. Take a maximal family of orthogonal central projections z i ∈ Z(P ) with the property that pz i is equivalent with a projection in Bz i . Write e = 1 − i z i . We prove that e = 0. If e = 0, also ep = 0 and statement (1) provides a projection q ∈ B ′ ∩ P = B such that q is abelian in P and qep = 0. The right support of qep belongs to peP p = peZ(P ) and is equivalent with the left support of qep, which belongs to qP qe = Z(P )qe ⊂ Be. This contradicts the maximality of the family (z i ) and we conclude that i z i = 1. It follows that p is equivalent with a projection in B. Since p is an abelian projection and B ⊂ P is maximal abelian, any partial isometry v ∈ P with v * v = p and vv * ∈ B, also satisfies vP v * = Bvv * . • There exist n ≥ 1, a possibly nonunital normal * -homomorphism π : A → M n (B) and a nonzero partial isometry v ∈ M 1,n (1 A M 1 B ) such that av = vπ(a) for all a ∈ A.
• There is no net of unitaries (w i ) in A such that
• There exists a nonzero A-B-subbimodule of 1 A L 2 (M )1 B that has finite dimension as a right B-module.
If one of the previous equivalent conditions is satisfied, we say that A embeds into B inside M and write A M B.
Let M be any von Neumann algebra and denote by (M, H, J, P) a standard form for M . Recall from [Ta03, Chapter IX] that any vector ξ ∈ H has a unique polar decomposition ξ = u|ξ| with |ξ| ∈ P and u ∈ M a partial isometry such that u * u = [M ′ |ξ|] and uu * = [M ′ ξ]. Moreover, whenever N ⊂ 1 N M 1 N is a von Neumann subalgebra and ξ ∈ H is a vector that satisfies xξ = Jx * Jξ for all x ∈ N , then the equality xu = ux holds inside M , for all x ∈ N .
We need the following straightforward generalization of Popa (1) There exist n ≥ 1, a possibly nonunital normal * -homomorphism π : A → M n (B) and a nonzero partial isometry
Proof. We only need to prove that (2) =⇒ (1). Fix a faithful normal tracial state τ on B and define the faithful normal state ϕ on 1 B M 1 B given by ϕ(x) = τ (E B (x)) for all x ∈ 1 B M 1 B . Extend ϕ to a faithful normal positive functional on M by choosing a faithful normal state on 
Observe that e B ∈ N with Tr(e B ) = 1. Since M z acts faithfully on H, we will regard M z as a von Neumann subalgebra of N .
On bounded subsets of B, the strong * topology coincides with the · 2 -topology. So, following the lines of [Po03, Corollary 2.3], if (2) holds, we can find δ > 0 and a finite subset F ⊂ 1 A M 1 B such that x,y∈F E B (x * wy) 2 2 ≥ δ for all w ∈ U (A). Let ξ = x∈F xe B x * ∈ N + and note that Tr(ξ) = x∈F τ (E B (x * x)) < ∞. Denote by η ∈ N + the unique element of minimal · 2,Tr -norm in the weak closure of the convex hull of {wξw * : w ∈ U (A)}. We then have that η ∈ A ′ ∩ 1 A N + 1 A and Tr(η) ≤ Tr(ξ) < ∞. A simple computation shows that for all w ∈ U (A),
This shows that y∈F Tr(e B y * ηye B ) ≥ δ and thus η = 0. By taking a suitable spectral projection of η, we can find a nonzero projection p ∈ A ′ ∩ 1 A N 1 A such that Tr(p) < ∞.
The nonzero A-B-bimodule pH has thus finite dimension over B. We may then find a nonzero A-B-subbimodule K ⊂ pH which is finitely generated as a right B-module (see e.g. [Va06, Lemma A.1]). Let n ≥ 1 and q ∈ M n (B) a nonzero projection such that there exists a right B-module isomorphism ψ :
Taking the polar decomposition of the vector ξ in a standard representation of M n (M ), we find a nonzero partial isometry
Definition 2.4. Let M be any σ-finite von Neumann algebra. Let A ⊂ 1 A M 1 A and B ⊂ 1 B M 1 B be von Neumann subalgebras such that B is finite and with expectation. We say that A embeds into B inside M and denote A M B if one of the equivalent conditions of Theorem 2.3 is satisfied. Note that this forces A to have a finite direct summand.
For Cartan subalgebras A and B, the embedding A M B is equivalent with the unitary conjugacy of A and B. This fundamental result was proven by Popa in [Po01] in the type II 1 setting. His proofs carries over almost verbatim to the type III setting. Again we provide the details for the sake of completeness.
Theorem 2.5 (Popa, [Po01] ). Let M be any σ-finite von Neumann algebra and A, B ⊂ M unital maximal abelian * -subalgebras with expectation. Consider the following assertions.
(2) There exists a nonzero partial isometry w ∈ M such that w * w ∈ A, ww * ∈ B and wAw * = Bww * . (3) There exists a unitary u ∈ M such that uAu * = B.
Proof. We first prove that (1) =⇒ (2). Since A M B, we can take a nonzero partial isometry v ∈ M 1,n (M ), a projection q ∈ M n (B) and a unital * -homomorphism π : A → q M n (B)q such that av = vπ(a) for all a ∈ A. Since A and B are abelian, we may replace q by an equivalent projection in M n (B) and assume that q = diag(q 1 , . . . , q n ) and π(A) ⊂ diag(Bq 1 , . . . , Bq n ). Choosing a nonzero component of v, we end up with a nonzero partial isometry v ∈ M , a projection q ∈ B and a unital * -homomorphism π : A → Bq such that av = vπ(a) for all a ∈ A.
We have that vv * ∈ A ′ ∩ M = A. We also conclude that v * v ∈ π(A) ′ ∩ qM q is an abelian projection, since
By restricting the given conditional expectation E B : M → B, we get that Bq ⊂ π(A) ′ ∩ qM q is a maximal abelian subalgebra with expectation. Since v * v is an abelian projection in π(A) ′ ∩ qM q, Lemma 2.2 provides a partial isometry u ∈ π(A) ′ ∩qM q such that u * u = v * v and uu * ∈ B.
Writing w = uv * , we get that w * w = vv * ∈ A, that ww * = uu * ∈ B and wAw * ⊂ Bww * . Since A is maximal abelian and B is abelian, we get the equality wAw * = Bww * .
If moreover A, B ⊂ M are Cartan subalgebras and M is a factor, we prove that (2) =⇒ (3). If M is a type III factor, there exist isometries w 1 , w 2 ∈ M such that w 1 Aw * 1 = Aw * w and w 2 Bw * 2 = Bww * . Then u = w * 2 ww 1 ∈ U (M ) is a unitary such that uAu * = B. Finally assume that M is a semifinite factor with semifinite faithful normal trace Tr. Choose a nonzero projection p ∈ Aw * w with Tr(p) < ∞. Write q = wpw * . Choose projections (p n ) in A and (q n ) in B such that n p n = 1 = n q n and Tr(p n ) = Tr(q n ) ≤ Tr(p) for all n. We can then take partial isometries u n ∈ M such that u n u * n = p n , u * n u n ∈ Ap and u n Au * n = Ap n . We next take partial isometries v n ∈ M such that v * n v n = wu * n u n w * , v n v * n = q n and v n Bv * n = Bq n . One checks that the formula u = n v n wu * n defines a unitary in M satisfying uAu * = B.
The following lemma is a straightforward variant of [BO08, Corollary F.14] and will be used in the proof of Theorem C.
Lemma 2.6. Let M be a von Neumann algebra with separable predual. Let A ⊂ 1 A M 1 A and B ⊂ M be unital von Neumann subalgebras with expectation. Assume that B is abelian and that for every nonzero projection p ∈ A, we have pAp M B. Then there exists a diffuse abelian * -subalgebra D ⊂ A with expectation such that D M B.
Proof. Let z ∈ Z(A) be the unique projection such that Az is of type I and A(1 A − z) has no type I direct summand. Fix a unital maximal abelian * -subalgebra with expectation D 0 ⊂ Az and a sequence of orthogonal projections e n ∈ D 0 such that D 0 e n = e n (Az)e n for every n and n e n = z. Since e n Ae n M B, we get that 
Fix a faithful normal trace τ on B and let ψ = τ • E B be the corresponding faithful normal state on M . Denote by · 2 the L 2 -norm associated with the state ψ on M . Fix a countable subset
By induction, we construct an increasing sequence (Q n ) of unital abelian finite dimensional * -subalgebras of N ϕ and unitaries
and assume that Q 1 , . . . , Q n and w 1 , . . . , w n have been constructed. Denote by (p k ) 1≤k≤dim Qn the minimal projections of Q n . Since p k N ϕ p k is still of type II 1 , we have that p k N ϕ p k M B and therefore we can find a unitary
By the spectral theorem, we can uniformly approximate v k by a unitary in p k N ϕ p k with finite spectrum. So, we may assume that v k has finite spectrum. We define w n+1 = k v k and define Q n+1 as the abelian * -algebra generated by Q n and w n+1 . By construction, Q n+1 and w n+1 satisfy the required properties.
By construction, we have for all i, j ∈ N that lim n E B (x * i w n x j ) 2 = 0. Since the (x i ) i∈N span a · 2 -dense subset of (1 A − z)M and since E B is contractive in · 2 -norm, we get that lim n E B (x * w n y) 2 = 0 for all x, y ∈ (1 A − z)M . This shows that
We finally prove the following semifinite version of [Va10b, Proposition 2.6].
Lemma 2.7. Let (B, Tr) be a von Neumann algebra with a normal semifinite faithful trace. Let Γ be a countable group, Γ B a trace preserving action and q ∈ B a finite trace projection. Put M := q(B ⋊ Γ)q and let p ∈ M be a nonzero projection. Assume that A ⊂ pMp is a von Neumann subalgebra with normalizer P := N pMp (A) ′′ .
For every finite subset F ⊂ Γ, we denote by P F the orthogonal projection of L 2 (M, Tr) onto the closed linear span of {qbu g q | b ∈ B, g ∈ F}. We denote by · 2 the 2-norm on L 2 (M, Tr).
(1) The set of projections J := {e ∈ A ′ ∩ pMp | Ae M qBq} is directed and attains its maximum in a projection z that belongs to Z(P). (2) There exists a sequence of unitaries (w k ) in U (Az) such that lim k P F (w k ) 2 = 0 for all finite subsets F ⊂ Γ. (3) For every ε > 0, there exists a finite subset F ⊂ Γ such that a − P F (a) 2 < ε for all a in the unit ball of A(p − z).
(1) Assume that (e i ) i∈I is a family of projections in A ′ ∩ pMp and put e = ∨ i∈I e i . To prove that J is directed and attains its maximum, we must show that if e ∈ J , then e i ∈ J for one of the i ∈ I. If e ∈ J , we have Ae M qBq and we find a nonzero partial isometry
for all a ∈ A. Take i ∈ I such that e i v = 0 and denote by w ∈ M 1,n (C) ⊗ e i M the polar part of e i v. Since aw = wϕ(a) for all a ∈ A, it follows that Ae i M qBq and hence e i ∈ J .
Denote by z ∈ J the maximum of J . If e ∈ J and u ∈ N pMp (A), it is immediate that ueu * ∈ J . So, z commutes with N pMp (A) and it follows that z ∈ Z(P).
(2) By construction Az M qBq. Put N = B ⋊ Γ. Denote by z 1 ∈ Z(B) the central support of the projection q ∈ B. We claim that Az rN r rBr whenever r ∈ B is a finite trace projection with q ≤ r ≤ z 1 . Assume the contrary and take a nonzero partial isometry v ∈ M 1,n (C) ⊗ zN r and a normal * -homomorphism ϕ : Az → M n (C) ⊗ rBr such that av = vϕ(a) for all a ∈ Az.
Since r ≤ z 1 and since z 1 is the central support of q in B, we can take a central projection z 2 ∈ Z(B) such that rz 2 is arbitrarily close to r and rz 2 = r 1 + · · · + r m with all the r i being projections in B that are subequivalent with q. Since v = v(1 ⊗ r), we choose z 2 such that v(1 ⊗ z 2 ) = 0. We take a partial isometry w ∈ M 1,m (C) ⊗ B such that ww * = rz 2 and
for all a ∈ Az, it follows that Az M qBq, contrary to our choice of z. This proves the claim.
Choose a finite subset F ⊂ Γ and choose ε > 0. To prove (2), it suffices to construct a unitary w ∈ U (Az) such that P F (w) 2 < ε. We still denote by z 1 ∈ Z(B) the central support of the projection q ∈ B. Define the finite trace projection r ∈ B given by
By the claim above, Az rN r rBr. For every g ∈ F, the element qu * g z 1 belongs to rN r. So we can find a unitary w ∈ U (Az) such that
Denote by E B : N → B the canonical conditional expectation. Note that for all x ∈ M = qN q, we have x = z 1 xq, so that for all g ∈ F,
This concludes the proof of (2).
(3) By construction, we have Ae M qBq for every nonzero projection e ∈ A ′ ∩ pMp satisfying e ≤ p−z. Choose ε > 0. Take an orthogonal family of nonzero projections e 1 , . . . , e k ∈ A ′ ∩pMp such that
• e i ≤ p − z for every i = 1, . . . , k and e = e 1 + · · · + e k satisfies (p − z) − e 2 < ε/3 ;
• for every i = 1, . . . , k, there exists a partial isometry
Put n = n 1 + · · · + n k and define ϕ : A → M n (C) ⊗ qBq by putting together the ϕ i diagonally. Similarly define the partial isometry v ∈ M 1,n (C) ⊗ M such that vv * = e and av = vϕ(a) for all a ∈ A. By the Kaplansky density theorem, choose v 0 ∈ M 1,n (C) ⊗ q(B ⋊ alg Γ)q such that v 0 ≤ 1 and v − v 0 2 < ε/3. Define the finite subset G ⊂ Γ such that v 0 belongs to the linear span of {e 1i ⊗ qbu g q | i = 1, . . . , n, b ∈ B, g ∈ G}. Put F = GG −1 .
Take a in the unit ball of A(p − z). We must prove that a − P F (a) 2 < ε. Write a = a(p − z − e) + ae and note that a(p − z − e) 2 ≤ p − z − e 2 < ε/3. Since ae = vϕ(a)v * , it follows that ae lies at distance less than 2ε/3 of v 0 ϕ(a)v * 0 . The latter belongs to the image of P F . So, a lies at distance less than ε of an element in the image of P F , i.e. a−P F (a) 2 < ε.
2.4. Connes-Takesaki's noncommutative flow of weights. Let (M, ϕ) be a von Neumann algebra together with a faithful normal state. Denote by M ϕ the centralizer of ϕ and by M ⋊ ϕ R the continuous core of M , i.e. the crossed product of M with the modular automorphism group (σ ϕ t ) t∈R associated with the faithful normal state ϕ. We have a canonical embedding
We denote by ϕ the dual weight on M ⋊ ϕ R (see [Ta03, Definition X.1.16]), which is a normal semifinite faithful weight on M ⋊ ϕ R whose modular automorphism group (σ ϕ t ) t∈R satisfies
Denote by h ϕ the unique nonsingular positive selfadjoint operator affiliated with
is a semifinite faithful normal trace on M ⋊ ϕ R and the dual action θ ϕ scales the trace Tr ϕ :
Because of Connes's Radon-Nikodym cocycle theorem (see [Ta03, Theorem VIII.3 .3]), the semifinite von Neumann algebra M ⋊ ϕ R, together with its trace Tr ϕ and trace-scaling action θ ϕ , "does not depend" on the choice of ϕ in the following precise sense. If ψ is another faithful normal state on M , there is a canonical surjective * -homomorphism
Altogether we can abstractly consider the continuous core (c(M ), θ, Tr), where c(M ) is a von Neumann algebra with a faithful normal semifinite trace Tr, θ is a trace-scaling action of R on (c(M ), Tr) and c(M ) contains a copy of M . Whenever ϕ is a faithful normal state on M , we get a canonical surjective * -homomorphism
A more functorial construction of the continuous core, known as the noncommutative flow of weights can be given, see [Co72, CT76, FT99] .
)). In particular, M is amenable if and only if c(M ) is amenable.
Whenever Γ (X, µ) is a nonsingular action on a standard measure space, define the Maharam extension (see [Ma63] 
where dm = dµ × exp(t)dt. It is easy to see that the action Γ X × R preserves the infinite measure m and that we moreover have that
If P ⊂ 1 P M 1 P is a von Neumann subalgebra with expectation, we have a canonical trace preserving inclusion c(P ) ⊂ 1 P c(M )1 P .
Proof of Theorem A and Corollary B
We start by proving Theorem A in the infinite measure preserving case. More precisely, we deduce the following result from its finite measure preserving counterpart proven in [PV12, Theorem 3.1].
Theorem 3.1. Let Γ 1 , . . . , Γ n be weakly amenable groups in the class QH reg and put Γ = Γ 1 ×· · ·×Γ n . Let (B, Tr) be an amenable von Neumann algebra equipped with a normal semifinite faithful trace Tr. Assume that q ∈ B is a finite trace projection and put M = q(B⋊Γ)q. Assume that A ⊂ M is a von Neumann subalgebra such that A is amenable and A ⊂ M is regular, i.e.
Then at least one of the following statements holds.
• There exists an i ∈ {1, . . . , n} such that B ⋊ Γ i has an amenable direct summand.
• For every nonzero projection p ∈ A ′ ∩ M, we have Ap M qBq.
Proof. Assume that for all i ∈ {1, . . . , n}, the von Neumann algebra B ⋊ Γ i has no amenable direct summand. We will prove that for every nonzero projection p ∈ A ′ ∩ M, we have Ap M qBq.
For every i ∈ {1, . . . , n}, we denote by Γ i the product of all Γ j with j = i. Put N = B ⋊ Γ and
We also write M i = qN i q and we denote by E M i : M → M i the unique trace preserving conditional expectation.
Fix i ∈ {1, . . . , n}. For every finite subset F ⊂ Γ i , denote by P i F the orthogonal projection of L 2 (M) onto the closed linear span of {qxu g q | x ∈ N i , g ∈ F}. Since N M (A) ′′ = M, Lemma 2.7 provides a central projection z ∈ Z(M) and a sequence of unitaries w k ∈ U (Az) such that
We will prove that z = 0. We will actually show that if z = 0, then B ⋊ Γ i has an amenable direct summand.
So, assume that z = 0. Denote by ∆ : M → M ⊗ LΓ i the dual coaction, i.e. the normal unital trace preserving * -homomorphism given by
For every finite subset F ⊂ Γ i , denote by Q F the orthogonal projection of L 2 (LΓ i ) onto the closed linear span of {u g | g ∈ F}. Note that (1 ⊗ Q F )∆(x) = ∆(P i F (x)) for all x ∈ M and all finite subsets F ⊂ Γ i . Since ∆ is · 2 -preserving, it follows that 
Therefore, there is a unique normal * -homomorphism
Ψ(x) = ∆(x) for all x ∈ C i , Ψ(e qBq ) = e M⊗1 .
Define the state Ω 1 on C i , e qBq given by Ω 1 (S) = Ω(z 1 Ψ(S)z 1 ). Note that Ω 1 is C i -central and that Ω 1 (x) = Tr(xz) for all x ∈ C i .
Since qBq is amenable, also C i , e qBq is an amenable von Neumann algebra acting on the Hilbert space L 2 (M). So there exists a (non-normal) conditional expectation
whose restriction to C i is normal. Therefore C i must have an amenable direct summand. Then also B ⋊ Γ i has an amenable direct summand. So, we have shown that z = 0.
Choose ε > 0. For every i = 1, . . . , n, we can take a finite subset
ε n for all a in the unit ball of A. The projections P i F i commute and their product equals the projection P F of L 2 (M) onto the closed linear span of {qbu g q | b ∈ B, g ∈ F}, where F = F 1 × · · · × F n . It follows that a − P F (a) 2 < ε for all a in the unit ball of A. By Lemma 2.7, this precisely means that Ap M qBq for every nonzero projection p ∈ A ′ ∩ M.
Before proving Theorem A, we need one more technical lemma.
Lemma 3.2. Let (B, Tr) be a von Neumann algebra equipped with a normal semifinite faithful trace Tr. Assume that Γ is a countable group and Γ B a trace preserving action. Put N = B ⋊ Γ. Denote by E : N → B the canonical conditional expectation and still denote by Tr the normal semifinite faithful trace on N given by Tr •E. For every w ∈ N and g ∈ Γ, denote by (w) g := E B (wu * g ) the g'th Fourier coefficient of w. Assume that (w n ) is a bounded net in N such that (w n ) g → 0 * -strongly for all g ∈ Γ. Then,
Proof. We may and will assume that (w n ) is a net in the unit ball of
Observe that W is a · 2,Tr -dense subspace of L 2 (N , Tr). We claim that lim n E B (xw n y * ) 1,Tr = 0 for all x, y ∈ W .
To prove this claim, it suffices to take x = au g and y = bu h with a, b ∈ B ∩ L 2 (B, Tr) and g, h ∈ Γ. In that case, we have
Therefore, by the Cauchy-Schwarz inequality, we have
, which tends to zero because (w n ) g −1 h tends to 0 strongly as a net of operators on L 2 (B, Tr).
Then choose x, y ∈ N ∩ L 2 (N , Tr) and ε > 0. First take x 1 ∈ W and then take y 1 ∈ W such that x − x 1 2,Tr y 2,Tr < ε and x 1 2,Tr y − y 1 2,Tr < ε . It follows from the Cauchy-Schwarz inequality and the claim above that lim sup n E B (xw n y * ) 1,Tr < 2ε + lim sup n E B (x 1 w n y * 1 ) 1,Tr = 2ε .
Since this holds for all ε > 0, we have shown that E B (xw n y * ) 1,Tr → 0. Since E B (xw n y * ) is a bounded net in B, it also converges to zero in · 2,Tr . So, (1) is proven.
We are now ready to prove Theorem A.
Proof of Theorem A. We put B = L ∞ (X) and M = B ⋊ Γ. We denote by E B : M → B the canonical conditional expectation. Assume that A ⊂ M is a Cartan subalgebra that is not unitarily conjugate with B. We will prove that B ⋊ Γ i is an amenable von Neumann algebra for at least one i ∈ {1, . . . , n}. By Theorem 2.5, we get that A M B. By Theorem 2.3, we get a net of unitaries (v j ) j∈J in A such that lim j∈J E B (v j u * g ) = 0 * -strongly for all g ∈ Γ. Denote B = L ∞ (X × R) and denote by Γ B the Maharam extension of Γ B. We identify c(M ) = B ⋊ Γ and we denote by E B : c(M ) → B the canonical conditional expectation. We denote by Tr the canonical normal semifinite faithful trace on c(M ) and note that E B is trace preserving. Since Γ X is essentially free, also Γ X × R is essentially free and hence, B ⊂ c(M ) is maximal abelian. Since E B (x) = E B (x) for all x ∈ M , we have that lim j∈J E B (v j u * g ) = 0 * -strongly for all g ∈ Γ. Choose a faithful normal state ω on A and choose a faithful normal conditional expectation E A : M → A. We still denote by ω the extension ω • E A to a faithful normal state on M . Since A ⊂ M is a Cartan subalgebra, we have that A ⋊ ω R ⊂ M ⋊ ω R is a regular subalgebra. Obviously, A ⊂ M ω and A ⋊ ω R is abelian. Denote by Π ω : M ⋊ ω R → c(M ) the canonical trace preserving * -isomorphism given by Connes's Radon-Nikodym cocycle theorem. We have Π ω (π ω (x)) = x for all x ∈ M .
Choose a nonzero finite trace projection p ∈ A ⋊ ω R. By Lemma 2.1, the finite trace projection Π ω (p) ∈ B ⋊ Γ is equivalent with a projection q ∈ B. Take v ∈ B ⋊ Γ such that v * v = Π ω (p) and vv * = q. Denote M := q(B ⋊ Γ)q and A = vΠ ω (A ⋊ ω R)v * . Since A ⋊ ω R is abelian and A ⋊ ω R ⊂ M ⋊ ω R is regular, it follows from [Po03, Lemma 3.5] that A ⊂ M is regular.
Note that (w j ) j∈J is a net of unitaries in A. We observed above that lim j∈J E B (v j u * g ) = 0 * -strongly for all g ∈ Γ. So by Lemma 3.2, we have that lim j E Bq (xw j y) 2 = 0 for all x, y ∈ M. So, A M Bq. Theorem 3.1 then provides an i ∈ {1, . . . , n} such that B ⋊ Γ i has an amenable direct summand.
It remains to prove that B ⋊ Γ i is amenable. First observe that B ⋊ Γ i can be identified with c(B ⋊ Γ i ). So, Takesaki's duality theorem [Ta03, Theorem X.2.3] implies that B ⋊ Γ i has an amenable direct summand. Denote by Γ i the direct product of all Γ j , j = i. Then, Γ i naturally acts by automorphisms of B ⋊ Γ i . Since M is a factor, this action is ergodic on Z(B ⋊ Γ i ). Since B ⋊ Γ i has an amenable direct summand, it follows that B ⋊ Γ i is amenable.
The proof of Corollary B is now immediate.
Proof of Corollary B. Note that Γ = F 2 is weakly amenable and belongs to QH reg (see e.g.
[PV12, Lemma 2.4] for references). We claim that
as a von Neumann subalgebra with expectation. Since Ker π (X, µ) is probability measure preserving and since Ker π is a nonamenable group, it follows that N is nonamenable. So, M follows nonamenable as well.
By Theorem A, L
∞ (X × Y ) is the unique Cartan subalgebra of M up to unitary conjugacy.
It remains to determine the type and the flow of weights of M . Put P = L ∞ (Y ) ⋊ Z. First consider the trivial cases. If Y admits an equivalent Z-invariant probability measure, both M and P are of type II 1 . If Y admits an equivalent Z-invariant infinite measure, both M and P are of type II ∞ (because Y was assumed to be nonatomic to rule out the possibility for P to be of type I ∞ ). So, assume that P is of type III. It remains to prove that M and P have an isomorphic flow of weights.
Denote by Z Y = Y × R the Maharam extension of Z Y . Consider the action Γ X × Y given by g · (x, y) = (g · x, π(g) · y). Since Γ X is measure preserving, the action Γ X × Y can be identified with the Maharam extension of Γ X × Y . So, the flow of weights of M can be identified with the natural action of R on the von Neumann algebra L ∞ (X × Y ) Γ of Γ-invariant functions. Since Ker π X is ergodic, we get that
Since the flow of weights of P is given by the natural action of R on L ∞ ( Y ) Z , we have found the required isomorphism between the flow of weights of M and P .
Proofs of Theorems C and D
Proof of Theorem C. The proof is very similar to the one of [CS11, Theorem 3.2]. Put B = L ∞ (X) and M = B ⋊ Γ. Let e ∈ M be a projection and P ⊂ eM e a von Neumann subalgebra with expectation E P : eM e → P such that pP p M B for all nonzero projections p ∈ P . Lemma 2.6 provides a diffuse abelian * -subalgebra A ⊂ P with expectation E A :
Choose a faithful normal tracial state ϕ on A and extend ϕ to a normal state on eM e by the formula ϕ = ϕ • E A • E P . It then follows that the modular group (σ ϕ t ) t∈R globally preserves the subalgebras A ⊂ P ⊂ eP e and hence, also globally preserves the subalgebras P ′ ∩ eM e ⊂ A ′ ∩ eM e ⊂ eM e. It then follows from [Ta03, Theorem IX.4.2] that the inclusion P ′ ∩ eM e ⊂ A ′ ∩ eM e is with expectation. So, in order to show that P ′ ∩ eM e is amenable, it suffices to prove that A ′ ∩ eM e is amenable.
Since A is abelian and ϕ = ϕ • E A • E P , we have A ⊂ (eM e) ϕ , and A ⊂ Z((A ′ ∩ eM e) ⋊ ϕ R). Let E B : M → B be the canonical faithful normal conditional expectation. We will denote by c(M ) (resp. c(B)) the continuous core of M (resp. B) and by Tr the canonical semifinite faithful normal trace on c(M ) so that Γ c(B) is a trace-preserving action and c(M ) = c(B) ⋊ Γ. Using the canonical trace-preserving * -isomorphism Π ϕ : eM e ⋊ ϕ R → ec(M )e (see Subsection 2.4), we write c(A ′ ∩ eM e) = Π ϕ ((A ′ ∩ eM e) ⋊ ϕ R). Note that Tr |c(A ′ ∩eM e) is semifinite and A ⊂ Z(c(A ′ ∩ eM e)).
Let p ∈ c(A ′ ∩ eM e) be a nonzero finite trace projection. Fix a finite set of unitaries F ⊂ U (pc(A ′ ∩ eM e)p) and a nonzero projection z ∈ pc(A ′ ∩ eM e)p that commutes with all u ∈ F . We denote by J the anti-unitary involution on the Hilbert space L 2 (c(M ), Tr). To prove that pc(A ′ ∩ eM e)p is amenable, we use the criterion given in Let π : Γ → O(H R ) be an orthogonal representation that is weakly contained in the regular representation, together with a proper map c : Γ → H R such that sup x∈Γ c(gxh) − π g (c(x)) < ∞ for all g, h ∈ Γ. Consider the Gaussian construction associated with the orthogonal representation π. This yields an abelian von Neumann algebra (D, τ ) generated by a family of unitaries (ω(ξ)) ξ∈H R that satisfy
The Gaussian action is then given by g · (ω(ξ)) = ω(π g (ξ)) for all g ∈ Γ and all ξ ∈ H R . Define M = (D ⊗ B) ⋊ Γ and observe that c( M ) = (D ⊗ c(B)) ⋊ Γ. We will regard c(M ) as a unital von Neumann subalgebra of c( M ). We still denote by J the canonical anti-unitary involution on L 2 (c( M )), extending the J on L 2 (c(M )) considered above.
Define the Hilbert spaces
) and all g ∈ Γ. Put e = vv * and e ⊥ = 1 − e. Define the 1-parameter group of unitaries (V t ) t∈R on the Hilbert space H by
We need the following lemma from [CS11] .
Lemma 4.1 ([CS11, Lemma 2.6]).
For all x ∈ c(B) ⋊ red Γ, we have that
Since Lemma 4.1 only holds for x in the C * -algebra c(B)⋊ red Γ, we have to carefully approximate the elements uz, u ∈ F , by elements in this C * -algebra. This approximation is given as follows. Let E be the finite dimensional operator space spanned by {1} ∪ F z ∪ F * z. Since Γ is assumed to be an exact group and since c(B) is abelian, hence exact, the reduced crossed product C * -algebra c(B) ⋊ red Γ is exact and thus locally reflexive (see [BO08, Theorem 9.3.1]). Regarding E ⊂ (c(B)⋊ red Γ) * * , there exists a net of completely contractive positive maps ϕ i : E → c(B)⋊ red Γ such that ϕ i → Id E pointwise ultraweakly. By the Hahn-Banach separation theorem, we may further assume that ϕ i (uz) → uz strongly, for all u ∈ F ∪F * . Thus lim i (ϕ i (uz)−uz)p 2,Tr = 0 for all u ∈ F ∪ F * .
Recall that A M B. So, Theorem 2.3 provides a sequence of unitaries w n ∈ U (A) for which the Fourier coefficients (w n ) g in the crossed product decomposition M = B ⋊ Γ tend to zero * -strongly for all g ∈ Γ. Viewing w n as a sequence in c(M ) = c(B) ⋊ Γ, the Fourier coefficients stay the same and hence, still tend to zero * -strongly. Since A ⊂ Z(c(A ′ ∩ eM e)), we see that the unitaries w n commute with the projection z. So, it follows from Lemma 3.2 that
For clarity, we denote byx ∈ L 2 (c(M )) the vector that corresponds to an element x ∈ c(M ) with Tr(x * x) < ∞.
Claim. Put δ = z 2,Tr /2. For every t > 0, there exists an element x t ∈ (Az) 1 such that e ⊥ V t v x t H ≥ δ.
Proof of the claim. Fix t > 0. We prove that we can take x t = w n z for n large enough. Since c : Γ → H R is proper, we can take a finite subset I ⊂ Γ such that 1 − exp(−t 2 c(g) 2 ) ≥ 1/2 for all g ∈ Γ − I. By (3), we can take n large enough such that
It follows that
Put x t := w n z. A direct computation yields
This proves the claim.
We denote ξ t = e ⊥ V t v x t ∈ H ⊖ H. We now use Lemma 4.1 and the fact that for all u ∈ F , the elements uz and w n commute. We also use that c(M ) and Jc(M )J commute with the projection e. So, we find for all u ∈ F that lim sup
Since ξ t ∈ H ⊖ H with ξ t H ≥ δ for all t > 0, and since (ϕ i (uz) − uz)p 2,Tr → 0 for all u ∈ F , it follows from the above computation that lim sup Let R be a countable pmp equivalence relation on the standard probability space (X, µ). Denote by m the measure on R given by
We view L ∞ (R) as acting on L 2 (R, m) by multiplication operators. Note that the unitaries
and
By [CFW81, Theorem 10], a countable pmp equivalence relation is amenable if and only if it is hyperfinite.
Lemma 4.2. The countable pmp equivalence relation R is amenable if and only if for all non-negligible R-invariant measurable subsets U ⊂ X and all ψ 1 , . . . , ψ n ∈ [R], we have
Proof. With exactly the same argument as in [Ha83, Lemma 2.2], the validity of (4) for all Rinvariant measurable subsets U ⊂ X and all ψ 1 , . . . , ψ n ∈ [R], is equivalent with the existence of a state Ω on L ∞ (R) satisfying
where we use the notation L ∞ (X) R to denote the von Neumann algebra of R-invariant bounded measurable functions. To prove the lemma, it therefore suffices to show that such a state Ω automatically satisfies Ω(1 V ) = µ(V) for all measurable subsets V ⊂ X. Denote by Ψ the mean on X given by Ψ(V) = Ω(1 V ). It follows that Ψ coincides with µ on the measurable R-invariant subsets V ⊂ X and that Ψ is invariant under [R] . We need to prove that Ψ coincides with µ on all measurable subsets of X.
We first prove this statement when R is homogeneous of type I n , 1 ≤ n < ∞, resp. when R is homogeneous of type II 1 . Assume that R is of type I n . Then R admits a fundamental domain V ⊂ X of measure 1/n. We can choose ψ 1 , . . . , ψ n ∈ [R] such that for a.e. x ∈ V, the equivalence class of x is given by {ψ 1 (x), . . . , ψ n (x)}. Note that the subsets (ψ k (V)) n k=1 form a partition of X up to measure zero. If U ⊂ V is a measurable subset, the sets ψ k (U ), k = 1, . . . , n, are disjoint and their union is R-invariant. Hence,
So, µ(U ) = Ψ(U ) for all U ⊂ V. By ψ k -invariance, also µ(U ) = Ψ(U ) for all U ⊂ ψ k (V). By finite additivity, µ(U ) = Ψ(U ) for all U ⊂ X.
Next assume that R is of type II 1 . Denote by E : L ∞ (X) → L ∞ (X) R the trace preserving conditional expectation. Recall that if U , V ⊂ X are measurable subsets, then the following two statements are equivalent.
• There exists a ψ ∈ [R] such that ψ(U ) = V.
•
, where (Y, η) is a standard probability space. We can then write (X, µ) as the direct integral over (Y, η) of a measurable field of standard probability spaces. Since R is of type II 1 , almost all these probability spaces are non-atomic and hence isomorphic with the interval [0, 1] equipped with the Lebesgue measure. So we find a measure preserving isomorphism of probability spaces θ :
We put V(G) = θ(W(G)). By construction, E(1 V(G) ) = G. Applying this construction to G = E(1 U ) for a given measurable subset U ⊂ X, it follows that E(1 V(G) ) = E(1 U ). Hence, there exists a ψ ∈ [R] such that ψ(U ) = V(G). Since both µ and Ψ are invariant under [R] , it suffices to prove that µ and Ψ coincide on the sets of the form V(G) for any measurable function G :
Choose such a measurable function G : Y → [0, 1] and fix an integer n ≥ 1. Put U = V(G). We will prove that |µ(U ) − Ψ(U )| ≤ 1/n. Define the following partition of Y into measurable subsets (Y k ) n k=1 .
is a partition of X into R-invariant subsets. By finite additivity, it suffices to prove that |µ(U ∩ U k ) − Ψ(U ∩ U k )| ≤ µ(U k )/n for all k = 1, . . . , n. Fix k ∈ {1, . . . , n}.
Define the partition (V i ) n i=1 of U k into the measurable subsets given by
By construction, we have
By construction, we also have that E(1 V i ) = 1 n 1 U k for all i = 1, . . . , n. So, we can take ψ 1 , . . . , ψ n ∈ [R] such that ψ i (V 1 ) = V i , up to measure zero. We get that
so that µ(V 1 ) = Ψ(V 1 ) = µ(U k )/n and hence µ(V i ) = Ψ(V i ) = µ(U k )/n for all i. It then follows from (5) that both µ(U ∩ U k ) and Ψ(U ∩ U k ) lie between (k − 1)µ(U k )/n and kµ(U k )/n. This proves the required inequality |µ(U ∩ U k ) − Ψ(U ∩ U k )| ≤ µ(U k )/n. This concludes the proof in the case where R is of type II 1 .
Finally, partition X into R-invariant measurable subsets V and (V n ) ∞ n=1 such that R |V is of type II 1 and R |Vn is of type I n . By the paragraphs above, we know that µ(U ) = Ψ(U ) if U is a measurable subset of one of the V n , V. By finite additivity, the same holds if U is a measurable subset of a finite union of V n , V. Choose ε > 0. Take n 0 such that
Since µ and Ψ coincide on the R-invariant subsets, also Ψ(
, we get that |µ(U ) − Ψ(U )| < 2ε for all ε > 0 and all measurable subsets U ⊂ X. So Ψ = µ and this concludes the proof of the lemma.
Proof of Theorem D. Fix a nonsingular free action Γ (X, µ) and a non-negligible subset V ⊂ X. We denote by R = R(Γ X) the orbit equivalence relation and we write
Assume that we can decompose V = X 1 × X 2 and that we are given recurrent nonsingular equivalence relations S i on X i such that S 1 × S 2 ⊂ R |V . We must prove that the S i are amenable. By symmetry, it suffices to prove that S 2 is amenable.
Write P i = L(S i ) and e = 1 V . We have P 1 ⊗ P 2 ⊂ eM e and this inclusion is with expectation, since every inclusion coming from a subequivalence relation is with expectation. In particular, P i ⊂ eM e is with expectation for every i = 1, 2. Since S 1 is recurrent, the von Neumann algebra P 1 has no type I direct summand. Since L ∞ (X) is of type I, it follows that pP 1 p M L ∞ (X) for every nonzero projection p ∈ P 1 . If Γ would be exact, it would now follow immediately from Theorem C that P 2 ⊂ P ′ 1 ∩ M is amenable. We now no longer assume that Γ is exact and we therefore only get the following. Consider the Maharam extension Γ X × R and denote the associated orbit equivalence relation by c(R) = R(Γ X × R). We equip X × R with the canonical infinite Γ-invariant measure. Then c(R) is a II ∞ relation and we canonically have c(S 2 ) ⊂ ec(R)e. We also have c(M ) = L(c(R)) and c(P 2 ) = L(c(S 2 )).
Choose an arbitrary finite measure subset U ⊂ V × R and denote by p = 1 U the corresponding projection in L ∞ (X × R). We consider the restricted equivalence relation S 2|U and its full group G := [S 2|U ]. For every ψ ∈ G, we have a canonical unitary u(ψ) ∈ c(pP 2 p). To prove the amenability of S 2|U , it suffices, by Lemma 4.2, to prove that for every projection z ∈ Z(pP 2 p) and all ψ 1 , . . . , ψ n ∈ G, we have
Denote by E ⊂ P 2 the finite dimensional operator space spanned by
Below we construct a concrete sequence of completely positive contractive maps
Note that the equality (6) is a special case of the equality (2) that we established in the proof of Theorem C. Indeed, in the proof of Theorem C we showed that (2) holds for all finite trace projections p ∈ c(A ′ ∩eM e), all finite sets of unitaries F ⊂ U (pc(A ′ ∩eM e)p) and all projections z ∈ pc(A ′ ∩ eM e)p that commute with F . In the proof of (2), we only used the exactness of Γ at one specific place, namely to ensure the a priori existence of such a sequence of completely positive contractive maps ϕ i , through local reflexivity. So, to conclude the proof of Theorem D, it suffices to concretely construct the sequence ϕ i .
For every k = 1, . . . , n, we find partitions (U k g ) g∈Γ and (V k g ) g∈Γ of U of such that ψ k (y) = g · y for a.e. y ∈ U k g and ψ −1 k (y) = g · y for a.e. y ∈ V k g . Refining these partitions, we can choose an increasing sequence of projections p i ∈ L ∞ (U ) such that p i → p strongly and such that both
. . , n and all i. It now suffices to define ϕ i (x) = p i xp i .
Amalgamated free products and HNN extensions
5.1. Von Neumann algebra inclusions without trivial corner.
Definition 5.1. We say that an inclusion of von Neumann algebras A ⊂ P has a trivial corner if there exists a nonzero projection p ∈ A ′ ∩ P such that Ap = pP p. If no such projection exists, we say that the inclusion A ⊂ P has no trivial corner.
We first prove the following elementary lemma.
Lemma 5.2. Let A ⊂ P be an inclusion of von Neumann algebras.
(1) If A ⊂ P has no trivial corner and p ∈ A ′ ∩ P and e ∈ A are projections such that r = ep is nonzero, then the inclusion rAr ⊂ rP r has no trivial corner either. (2) Let p i ∈ A ′ ∩ P and e i ∈ A be projections such that the projections r i = e i p i are nonzero and satisfy i r i = 1. Then A ⊂ P has a trivial corner if and only if there exists an i such that r i Ar i ⊂ r i P r i has a trivial corner. (3) Assume that A is purely atomic. Then A ⊂ P has no trivial corner if and only if P is diffuse. (4) Assume that A ⊂ P is a maximal abelian subalgebra with expectation. Then A ⊂ P has a trivial corner if and only if P has a type I direct summand.
(1) It follows immediately from the definition that Ap ⊂ pP p has no trivial corner. So, we only need to prove that eAe ⊂ eP e has no trivial corner whenever A ⊂ P has no trivial corner and e ∈ A is a nonzero projection. So assume that q ∈ A ′ e ∩ eP e is a nonzero projection such that eAeq = qP q. We will prove that A ⊂ P has a trivial corner. Denote by q 1 the smallest projection in A ′ ∩ P such that q ≤ q 1 . Note that q = eq 1 . We then get
It follows that q 1 P q 1 ⊂ Aq 1 and hence q 1 P q 1 = Aq 1 . So, A ⊂ P has a trivial corner.
(2) If one of the r i Ar i ⊂ r i P r i has a trivial corner, it follows from (1) that A ⊂ P has a trivial corner. Conversely assume that A ⊂ P has a trivial corner, i.e. Ap = pP p for a nonzero projection p ∈ A ′ ∩ P . Take i such that r i p = 0. Denote by q i , resp. v i ∈ A ′ ∩ P the left support projection, resp. polar part of p i p. Since r i p = 0, we have e i q i = 0. From the assumption that Ap = pP p, it follows that
Multiplying on the left and on the right by e i , we get that e i Ae i q i = e i q i P e i q i , implying that r i Ar i ⊂ r i P r i has a trivial corner.
(3) Writing 1 as a sum of minimal projections in A, (3) follows immediately from (2), by noticing that C1 ⊂ P has no trivial corner if and only if P is diffuse.
(4) If A ⊂ P has a trivial corner, we find a nonzero projection p ∈ A ′ ∩ P = A such that Ap = pP p. So, p is a nonzero abelian projection in P and therefore P must have a type I direct summand. Conversely, assume that z ∈ Z(P ) is a nonzero central projection such that P z is of type I. Since Az ⊂ P z is a maximal abelian subalgebra with expectation, Lemma 2.2 provides a nonzero projection p ∈ Az such that p is abelian in P z. In particular, pP p = Ap, so that A ⊂ P has a trivial corner.
The following lemma follows immediately from the classification of measure preserving factor maps (X, µ) → (Y, η) between standard probability spaces, as proven in Lemma 5.3. Let (B, τ ) be an abelian von Neumann algebra with separable predual and faithful normal trace τ . Let A ⊂ B be a von Neumann subalgebra. Then the following two statements are equivalent.
• The inclusion A ⊂ B has no trivial corner.
• There exists a trace preserving * -isomorphism π : B → A ⊗ LZ such that π(A) = A ⊗ 1.
Let A ⊂ P be an inclusion of finite von Neumann algebras. It is easy to see that P P A if and only if there exists a nonzero projection p ∈ A ′ ∩ P such that Ap ⊂ pP p has finite Jones index [Jo82, PP84] . Note however that an inclusion A ⊂ P can be of finite index and yet without trivial corner. For this it suffices to consider an outer action of a finite group Λ on the hyperfinite II 1 factor R, in which case R ⊂ R ⋊ Λ is a finite index inclusion that is irreducible and hence, without trivial corner.
When A ⊂ P is an inclusion of semifinite von Neumann algebras with A being of type I, the situation is much more clear as we explain now.
Lemma 5.4. Let (P, Tr) be a von Neumann algebra with separable predual and a distinguished normal semifinite faithful trace Tr. Assume that A is a type I von Neumann subalgebra of P such that Tr |A is semifinite. Denote by E A : P → A the unique trace preserving conditional expectation. Then the following statements are equivalent.
(1) The inclusion A ⊂ P has no trivial corner.
(2) Whenever e ∈ P and q ∈ A are projections such that Tr(e) < ∞ and 0 < q ≤ e, then eP e eP e qAq. (3) Whenever q ∈ A and p ∈ A ′ q ∩ qP q are nonzero projections such that Tr(q) < ∞, there exists a unitary u ∈ U (pP p) such that E qAqp (u n ) = 0 for all n ∈ Z \ {0}.
Proof. We will prove that 3 ⇒ 2 ⇒ 1 ⇒ 3.
3 ⇒ 2. Fix projections e ∈ P and q ∈ A such that Tr(e) < ∞ and 0 < q ≤ e. To prove that eP e eP e qAq, we choose a nonzero eP e-qAq-subbimodule H ⊂ eL 2 (P )q and we must prove that H is of infinite dimension as a right qAq-module. Note that H = eL 2 (P )p for some nonzero projection p ∈ A ′ q ∩ qP q. Denote by z ∈ Z(qAq) the support of E qAq (p). Because (3) holds, we can take a unitary u ∈ U (pP p) such that E qAqp (u n ) = 0 for all n ∈ Z \ {0}. Define K n ⊂ eL 2 (P )p as the · 2 -closure of {u n a | a ∈ qAq}. By construction, the K n are orthogonal right qAq-submodules of H with dim A (H n ) = τ (z). Hence, H is indeed of infinite dimension as a right qAq-module.
2 ⇒ 1. Assume that A ⊂ P has a trivial corner. Take a projection r ∈ A ′ ∩ P such that rP r = Ar. Since Tr |A is semifinite, we can take a projection e ∈ A such that Tr(e) < ∞ and er = 0. By construction, the inclusion eAe ⊂ eP e has a trivial corner. In particular eP e eP e eAe. So (2) does not hold for the projections e ∈ P and q = e. 1 ⇒ 3. Fix nonzero projections q ∈ A and p ∈ A ′ q ∩ qP q such that Tr(q) < ∞. Since A ⊂ P has no trivial corner, it follows from Lemma 5.2 that also qAqp ⊂ pP p has no trivial corner. So, replacing P by pP p and A by qAqp, we may assume that Tr is a finite trace and we only need to prove the existence of a unitary u ∈ U (P ) such that (7) E A (u n ) = 0 for all n ∈ Z \ {0} .
We may further assume that A is abelian. Indeed, since A is of type I, we may find an orthogonal family (e k ) k of abelian projections in A such that k e k = 1. Assume moreover that we have found unitaries u k ∈ U (e k P e k ) satisfying (7) for the inclusion e k Ae k ⊂ e k P e k . Then the unitary u = k u k ∈ U (P ) satisfies (7) for the inclusion A ⊂ P .
From now on, we assume that A is abelian. We decompose P = P z I ⊕ P z II , where P z I is of type I and P z II is of type II 1 . So it suffices to prove the existence of u ∈ U (P ) satisfying (7) separately in the cases where P is of type I, resp. of type II 1 . We first assume that P is of type I. Choose A ⊂ B ⊂ P such that B is maximal abelian in P . We claim that the inclusion A ⊂ B has no trivial corner. Indeed, if q ∈ B is a nonzero projection and Aq = Bq, it follows that Aq ⊂ qP q is maximal abelian. Since qP q is of type I and Aq ⊂ qP q has no trivial corner, this contradicts Lemma 5.2. So the claim is proven. Lemma 5.3 then provides a unitary u ∈ B such that (7) holds.
Finally assume that P is of type II 1 . Choose again A ⊂ B ⊂ P such that B is maximal abelian in P . It suffices to find a unitary u ∈ U (P ) such that E B (u n ) = 0 for all n ∈ Z \ {0}. Since P is of type II 1 , there exists a projection q ∈ P such that q and 1 − q are equivalent projections. By [BO08, Corollary F.8], the projection q is equivalent with a projection p ∈ B. Since P is finite, also 1 − q is equivalent with 1 − p and we conclude that p is equivalent with 1 − p.
Since p and 1 − p are equivalent projections in P , we can take a self-adjoint unitary u 1 ∈ U (P ) such that u 1 pu * 1 = 1 − p. Note that automatically E B (u 1 ) = 0. We can repeat the same reasoning for the maximal abelian subalgebra Bp of the type II 1 von Neumann algebra pP p, yielding a projection q ∈ Bp and a self-adjoint unitary v ∈ U (pP p) such that vqv * = p − q. Define the self-adjoint unitary u 2 ∈ U (P ) given by u 2 := v + u 1 vu 1 . Note that u 1 u 2 = u 2 u 1 and that u 1 , u 2 generate a copy of L(Z/2Z × Z/2Z) inside P with the property that E B (x) = τ (x)1 for all x ∈ L(Z/2Z × Z/2Z).
We continue the same construction inductively. Writing G = N Z/2Z, we find a copy of L(G) inside P such that E B (x) = τ (x)1 for all x ∈ L(G). Since L(G) is a diffuse abelian von Neumann algebra, we can take a unitary u ∈ L(G) such that τ (u n ) = 0 for all n ∈ Z \ {0}. So, again (7) holds.
We now prove that under the right assumptions, the property of having no trivial corner is preserved under taking the continuous core.
Proposition 5.5. Let A ⊂ P be an inclusion of von Neumann algebras without trivial corner and with expectation. Assume that A is of type I. Then the inclusion of continuous cores c(A) ⊂ c(P ) has no trivial corner either.
Proof. Since the continuous core of a type I von Neumann algebra is of type I and the one of a von Neumann algebra of type II or III is always of type II, the only nontrivial case to consider, is the one where P is a type I von Neumann algebra.
Let (p i ) i∈J be a family of abelian projections in the type I von Neumann algebra A, with i p i = 1. The inclusion c(p i Ap i ) ⊂ c(p i P p i ) can be identified with the inclusion p i c(A)p i ⊂ p i c(P )p i . By Lemma 5.2, it suffices to prove that for all i ∈ J, the inclusion c(p i Ap i ) ⊂ c(p i P p i ) has no trivial corner.
Fix i ∈ J. Replacing A by p i Ap i and replacing P by p i P p i , we may therefore assume that A is abelian. We claim that A ⊂ A ′ ∩ P has no trivial corner. Otherwise, we would find a nonzero projection p ∈ A ′ ∩ P such that Ap = p(A ′ ∩ P )p, which would mean that Ap ⊂ pP p is maximal abelian and hence would contradict Lemma 5.2.
Since A ⊂ P is with expectation, also A ′ ∩P ⊂ P is with expectation. The inclusion Z(A ′ ∩P ) ⊂ A ′ ∩ P is with expectation and hence, also the inclusion Z(A ′ ∩ P ) ⊂ P is with expectation. We then canonically get
and it suffices to prove that c(A) ⊂ c(Z(A ′ ∩ P )) has no trivial corner. Since
It therefore suffices to prove that A ⊂ Z(A ′ ∩ P ) has no trivial corner. Assume the contrary and take a nonzero projection p ∈ Z(A ′ ∩ P ) such that Ap = Z(A ′ ∩ P )p. Since A is abelian and A ⊂ P is with expectation, it follows from Lemma 2.2 that A ′ ∩ P is of type I. Therefore, A ′ ∩ P admits an abelian projection e with ep = 0. Then e(A ′ ∩P )e = Z(A ′ ∩P )e and we conclude that Aep = epP ep, contradicting the assumption that A ⊂ P has no trivial corner.
5.2.
Applications to amalgamated free products von Neumann algebras. For i = 1, 2, let B ⊂ M i be an inclusion of von Neumann algebras with expectation
is the von Neumann algebra M generated by M 1 and M 2 where the faithful normal conditional expectation E : M → B satisfies the freeness condition:
E(x 1 · · · x n ) = 0 whenever x j ∈ M ι j ⊖ B and ι j = ι j+1 .
Here and in what follows, we denote by M i ⊖ B the kernel of the conditional expectation E i : M i → B. We refer to [Vo85, Vo92, Ue98] for more details on the construction of amalgamated free products in the framework of von Neumann algebras.
We always assume that B is a σ-finite von Neumann algebra. Fix a faithful normal state ϕ on B. We still denote by ϕ the faithful normal state ϕ • E on M . We realize the continuous core
In [CH08, Theorem 5.2], the following statement is made: if B is of type I, if M 1 = B = M 2 and if M is a nonamenable factor, then M is prime. As such, this statement is wrong. As we already mentioned in the introduction, the mere condition M 1 = B = M 2 is too weak to avoid "trivialities" in which a corner of M equals a corner of one of the M i 's.
Example 5.6. We provide two types of examples where amalgamated free product factors M = M 1 * B M 2 essentially are an amplification of one of the M i .
(1) Let Λ (Y, ν) be a free ergodic pmp action of a nontrivial countable group Λ on a standard probability space (Y, ν). Put Γ = Λ * Z and consider the induced action Γ (X, µ),
On the other hand, we also canonically have
Taking a nonamenable group Λ and a free ergodic pmp action Λ (Y, ν) such that L ∞ (Y ) ⋊ Λ is not prime (e.g. McDuff), it follows that M is a nonamenable factor that is not prime.
Also note that the induction construction comes with a Λ-invariant finite trace projection p ∈ B such that p(B ⋊ Γ)p = Bp ⋊ Λ and hence,
(2) State-preserving actions can only be induced from finite index subgroups. So the previous example does not provide natural examples of trivialized amalgamated free products of type II 1 . But they exist as well, as demonstrated by the following example. Let P be a II 1 factor and p n , q n nonzero projections in P such that ∞ n=0 (p n + q n ) = 1. Define the von Neumann algebras
Taking the amalgamated free product w.r.t. the unique trace preserving conditional expectations, one checks that
The following statement provides a correct version of [CH08, Theorem 5.2]. The formulation is rather technical, but in combination with Theorem 5.8 below, we will deduce the general primeness Theorem E stated in the introduction.
If i = 1, resp. 2, we denote i ′ := 2, resp. 1. 
, the projections q and 1 ⊗ e 00 have nonzero equivalent subprojections. So there exists a nonzero partial isometry v ∈ M ∞ 1 such that vv * ≤ q and v * v = q ′ ⊗ e 00 . Replacing q by q ′ , we have found a nonzero projection q ∈ M 1 such that qMq = qM 1 q. Multiplying left and right with M 1 , we conclude that the same equality remains true if we replace q by its central support in M 1 . So we have found a nonzero projection q ∈ Z(M 1 ) such that qMq = M 1 q.
For all x ∈ M, we have qxq ∈ M 1 and hence qxq = E M 1 (qxq) = qE M 1 (x)q. We conclude that q(M ⊖ M 1 )q = 0. Since M 2 ⊖ B is a subset of M ⊖ M 1 , we get that q(M 2 ⊖ B)q = 0. We now put b = E B (q) and q 0 = q − b, so that q 0 ∈ M 1 ⊖ B. For every x ∈ M 2 ⊖ B, we get that 0 = qxq = q 0 xq 0 + (bx)q 0 + q 0 (xb) + bxb .
The four terms on the right hand side respectively belong to (
and M 2 ⊖ B. By freeness with amalgamation, these four subspaces are orthogonal. So it follows that bxb = 0 for all x ∈ M 2 ⊖ B. Denoting by p the support projection of b, we get that pxp = 0 for all x ∈ M 2 ⊖ B. Since q ∈ Z(M 1 ), we get that b ∈ Z(B) and hence also p ∈ Z(B). We conclude that pM 2 p = Bp. By construction q ≤ p.
We prove the following rather general result, ensuring that an amalgamated free product M 1 * B M 2 over a type I von Neumann algebra B often is a nonamenable factor. In [Ue12, Theorem 4.3 and Theorem 4.13], Ueda independently proved the factoriality of M 1 * B M 2 under a weaker set of conditions on B ⊂ M i . Since our method is more elementary than the approach of [Ue12], we give a complete proof here as well.
Theorem 5.8. Let M i , i = 1, 2, be von Neumann algebras with separable predual. Assume that B is a type I von Neumann algebra and that we are given inclusions B ⊂ M i with faithful normal conditional expectations. Assume that the inclusions B ⊂ M i have no trivial corner. Then M = M 1 * B M 2 has no amenable direct summand and
. Fix a nonzero finite trace projection p ∈ M 1 . We prove that zp ∈ M 1 . Once this is proven for all finite trace projections p ∈ M 1 , it follows that z ∈ Z(M 1 ). By symmetry, we then also have z ∈ Z(M 2 ).
Let q ∈ B be an arbitrary finite trace projection and put e = q ∨ p. Since the inclusion B ⊂ M i has no trivial corner, the inclusion c(B) ⊂ c(M 1 ) has no trivial corner either by Proposition 5.5. So Proposition 5.4 implies that eM 1 e eM 1 e qBq. Then also pM 1 p eM 1 e qBq. Since this holds for all finite trace projections q ∈ B, it follows from [HR10, Lemma 2.2] that there exists a net of unitaries v k ∈ pM 1 p such that E 1 (xv k y) 2,Tr → 0 for all x, y ∈ M 1 . Take 
2,Tr = 0 for all the above choices of x and a. Since E(v * k x v k a) = E(v * k xp v k pa) and since the elements xp and pa span · 2,Tr -dense subspaces of (M ⊖ M 1 )p, resp. p(M ⊖ M 1 ), we conclude that E(v * k xv k y) 2,Tr → 0 for all x, y ∈ M ⊖ M 1 . Put x = zp − E 1 (zp) and y = x * . Note that x commutes with all the v k ∈ U (pM 1 p). It follows that E(xx * ) 2,Tr = 0 and hence x = 0. So, zp ∈ M 1 . As explained in the first paragraph of the proof, we have shown that
It remains to prove that M has no amenable direct summand. Fix an arbitrary nonzero finite trace projection p ∈ B. Observe that
By Proposition 5.4, we can find unitaries u i ∈ U (pM i p) such that E pBp (u n i ) = 0 for all n ∈ Z \ {0}. In this way, we obtain a trace-preserving * -embedding L(F 2 ) ֒→ pMp. It follows that for all finite trace projections p ∈ B, the finite von Neumann algebra pMp has no amenable direct summand. Therefore also M has no amenable direct summand.
Recall that for any factor M , the restriction of the dual action θ : R c(M ) to the center Z(M ) is called the flow of weights of M . 
Proof. Choose a normal semifinite faithful trace Tr on B. Define the weights ϕ i = Tr •E i on M i . We concretely realize c(M i ) = M i ⋊ ϕ i R using the modular group of ϕ i and denote by (λ s ) s∈R ∈ c(M i ) the canonical unitaries that implement (σ ϕ i s ). It follows from Theorem 5.8 that M is a nonamenable factor. In particular, M is not of type I.
First assume that M is semifinite. So, the flow of weights θ : R Z(c(M )) is isomorphic with the translation action of R on L ∞ (R). This means that Z(c(M )) is generated by a 1-parameter group of unitaries (V s ) s∈R satisfying θ t (V s ) = exp(ist)V s for all s, t ∈ R. By Theorem 5.8, we have Z(c(M )) ⊂ Z(c(B)). Since B is semifinite, we have Z(c(B)) = Z(B) ⊗ L(R). So, V s must be of the form V s = ∆ is λ s , where ∆ is a nonsingular positive operator affiliated with Z(B). Replacing Tr by the normal semifinite faithful trace given by Tr(∆ ·), we get that V s = λ s , meaning that Z(c(M )) is generated by the canonical unitaries (λ s ) s∈R . This precisely means that the weights Tr •E i on M i and the weight Tr •E on M are tracial.
If M was of type II 1 , we have (Tr •E)(1) < ∞ and hence Tr(1) < ∞. Putting τ = Tr(1) −1 Tr, we have found a faithful normal tracial state τ on B satisfying the conditions in (1). If M was of type II ∞ , we have Tr(1) = +∞ and we have found a trace Tr on B satisfying the conditions in (2).
Conversely, if τ satisfies the assumptions in (1), then the state τ • E is tracial on M and we conclude that M is of type II 1 . We similarly get that M is of type II ∞ if Tr satisfies the assumptions in (2).
To prove (3), we may assume that ϕ = Tr, where Tr is a normal semifinite faithful trace on B. Put ϕ i = Tr •E i . If t ∈ R and u ∈ U (B) such that σ ϕ i t = Ad u for all i ∈ {1, 2}, it follows that σ Tr •E t = Ad u and hence, t ∈ T (M ). Conversely, assume that t ∈ T (M ). As above, denote by θ : R c(M ) the dual action. Since t ∈ T (M ), [Ta03, Theorem XII.1.6] provides a unitary v ∈ Z(c(M )) such that θ s (v) = exp(its)v for all s ∈ R. By Theorem 5.8, we have that v ∈ Z(c(B)) = Z(B) ⊗ L(R). So, v = u * λ t for some u ∈ U (Z(B)). Since v ∈ Z(c(M )), we get that v commutes with M i for both i = 1, 2. This precisely means that σ We are now ready to prove Theorem E and its Corollary F.
Proof of Theorem E. By Theorem 5.8, M is a nonamenable factor. Since the inclusion B ⊂ M i has no trivial corner, the inclusion c(B) ⊂ c(M i ) has no trivial corner either. So M is prime by Theorem 5.7.
Proof of Corollary F. In both cases, Γ (X, µ) is free and ergodic and hence, M = L ∞ (X)⋊Γ is a factor. It suffices to prove that in both cases, M is a nonamenable prime factor, since then R(Γ X) must be indecomposable as well.
(1) Put M i = L ∞ (X) ⋊ Γ i and B = L ∞ (X) ⋊ Σ. We canonically have that M = M 1 * B M 2 . Since Γ i (X, µ) is recurrent, M i = L ∞ (X) ⋊ Γ i has no type I direct summand. Since Σ is a finite group, B = L ∞ (X) ⋊ Σ is a type I von Neumann algebra. In particular, B ⊂ M i has no trivial corner. Theorem E then says that M is a nonamenable prime factor.
(2) We already observed that M is a factor. To see that M is nonamenable, define the subgroups Γ i < Γ given by Γ 1 = H and Γ 2 = t −1 Ht. Note that Γ 1 ∩ Γ 2 = Σ and that, in this way, Λ := Γ 1 * Σ Γ 2 < Γ. Since the action H (X, µ) is recurrent, also the actions Γ i (X, µ) are recurrent. Reasoning as in the proof of (1), it follows from Theorem 5.8 that L ∞ (X)⋊Λ has no amenable direct summand. Since there is a natural faithful normal conditional expectation M → L ∞ (X) ⋊ Λ, it follows that M is nonamenable as well.
To prove that M is prime, we use the HNN construction in the framework of von Neumann algebras and we refer to [Ue04 Observe that we cannot directly use Theorem E to get that M is prime, as the inclusion N ⊕ N ⊂ M 2 (N ) has a trivial corner. We already showed however that M is a nonamenable factor. Therefore, also Q := M 2 (P ) * N ⊕N M 2 (N ) is a nonamenable factor. We will use Theorem 5.7 to prove that Q is prime. Then also M = e 11 Qe 11 follows prime.
Observe that c(Q) = M 2 (c(P )) * c(N )⊕c(N ) M 2 (c(N )) .
If Q would not be prime, Theorem 5.7 implies that we are in one of the following situations.
(1) There exists a nonzero projection p ∈ Z(c(P )) = Z(M 2 (c(P ))) such that pc(Q)p = M 2 (c(P ))p. (2) There exists a nonzero projection q ∈ Z(c(N )) ⊕ Z(c(N )) such that q M 2 (c(P ))q = (c(N ) ⊕ c(N ))q.
Since H (X, µ) is recurrent, we know that P and c(P ) have no type I direct summand. On the other hand, since Σ is a finite group, c(N ) is of type I. So, a projection q as in (2) does not exist.
It remains to rule out the existence of a projection p as in (1). Multiplying the equality pc(Q)p = M 2 (c(P ))p on the left and on the right by e 11 , it follows that pc(M )p = c(P )p. Write c(M ) = L ∞ (X × R) ⋊ Γ, where Γ X × R is the Maharam extension of Γ X. In this picture, c(P ) corresponds to L ∞ (X × R) ⋊ H. Since the action H X × R is essentially free, we have Z(c(P )) ⊂ L ∞ (X × R). So, p = 1 U for a non-negligible H-invariant measurable subset U ⊂ X × R. Since pc(M )p = c(P )p, we have pxp = 0 whenever x ∈ c(M ) and E c(P ) (x) = 0. We get in particular that pu g p = 0 for all g ∈ Γ − H. This means that the sets (g · U ) g∈Γ/H are all disjoint, up to measure zero. Since the cosets ht −1 H, h ∈ H − Σ, are all different from t −1 H, it follows that with V = t −1 · U , we have that h · V ∩ V has measure zero for every h ∈ H − Σ. Removing a set of measure zero from V, we find a non-negligible subset W ⊂ V such that h · W ∩ W = ∅ for all h ∈ H − Σ. Since the action H X is assumed to be recurrent and since Σ is finite, we arrived at a contradiction. 
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